Graphene is a novel material that reveals many remarkable properties. Academic and industry research groups around the globe are carrying out theoretical and experimental studies to discover and investigate characteristics of graphene. Due to its outstanding properties, graphene has a potential to revolutionize technology. Particularly, graphene was found to be one of the best known heat conductors [Balandin et al., Nano Lett. 8, 902 (2008)], which suggests that it can be used in nanoelectronic and optoelectronic devices as a heat spreader component. The extremely high thermal conductivity was found for single layer graphene, which consisted of one crystalline plane of sp 2 -bound carbon atoms. In that experiment a method of measuring G peak position of the Raman spectrum as a function of both the temperature of the graphene sample and the power of the heat source was used to compute the thermal conductivity. The sample in the experiment had approximately rectangular geometry and a simple model was used to extract the thermal conductivity under certain assumptions about the nature of the thermal transport. In this work we used finite-element simulations to model the heat spreading in graphene flakes of variable shapes. We also investigated how the thermal transport is influenced by the geometry of the heat source and flake width. We found that all mentioned factors impact heat propagation and have to be included in the experimental data extraction. The simulations also proved that for the rectangular geometry of the flake and specific conditions of the experiment, e.g., ratio of the flake width to the laser spot size, the simple one-dimensional model data extraction was adequate. The developed simulation procedure can be further used for investigation of thermal transport in graphene multi-layers and graphene-heat sink structures. The latter is required in order to study the feasibility of application of graphene multi-layers for the lateral hot-spot removal and other device-level thermal management applications.
UNIQUE CHARACTERISTICS OF GRAPHENE
Graphene is a recently discovered material 1 2 in which carbon atoms are arranged in sp 2 planar hexagonal sheet * Author to whom correspondence should be addressed.
structure. Such structure is a building element for any graphitic material, for example, graphite represents an ensemble of stacked graphene sheets. Graphene possesses some unique properties that make it a very promising material for electronic devices and circuits. In most conductors and semiconductors electron transport can be described by non-relativistic quantum equations. But in graphene electrons and holes behave like relativistic particles. 3 The E-k relation is linear at low energies near six corners of the two-dimensional hexagonal Brillouin zone. That leads to zero effective masses for electrons and holes that can be described by the Dirac equation for spin 1/2 particles. Experimental results and simulations suggest that graphene has very high values of electron mobility at room temperature. Intrinsic mobility can reach the value 4 as high as 2 × 10 5 cm 2 V −1 s −1 at a carrier density of 10 12 cm −2 . For such a case, the corresponding resistivity of the graphene sheet would be 10 −6 Ohm-cm, which is slightly less than the resistivity of silver (1 6 × 10 −6 Ohm-cm), the least resistive metal. The magnitude of an electron mobility of graphene exceeds that of InSb (7 7 × 10 4 cm 2 V −1 s −1 ) and is comparable to an electron mobility of carbon nanotubes (1 × 10 5 cm 2 V −1 s −1 ). A single layer graphene has an opacity which is unexpectedly high for just one atomic layer. The white light absorption is = 2 3%
(1) where is the fine-structure constant. 5 6 Graphene is a very strong and rigid material. If several layers of graphene are suspended over cavities, graphene sheets are held together by van der Waals forces and one can measure mechanical properties of the suspended sheet using an atomic force microscope. 7 The spring constant and Young's modulus of graphene were found to be 1-5 N/m and 0.5 TPa, correspondingly. Such remarkable elastic properties could lead to utilization of graphene as a material for sensors and resonators.
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where h is the Plank constant, e is the elementary charge, and N is the Landau index level. The factor 4 comes from double valley and double spin degeneracies. Above equation shows that the sequence is shifted by 1/2 from the standard. Contrary to single layer graphene, bilayer graphene displays the quantum Hall effect but the sequence is standard:
In presence of very intense, time varying magnetic fields the conductivity of graphene oscillates. This is so-called
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Shubnikov-de Hass effect. The longitudinal resistance of graphene is at maximum 12 for every Landau index value N . This is an opposite to many metals, since they show the minimum of resistance for the integral Landau values N . A possible explanation of such phenomenon could be Berry phase that occurs due to zero effective masses of the carriers near Dirac points. 13 Although E-k relation manifests zero carrier masses, studies of Shubnikov-de Hass oscillations as a function of temperature reveals that the carriers in graphene have non-zero cyclotron masses. 12 Unique mechanical and electromagnetic properties make graphene a very promising material for a variety of high-tech applications. Particularly, due to a very high conductivity, graphene can be used to fabricate ballistic field-effect transistors and integrated circuits. Graphene can be utilized in single molecule gas sensors; absorption of just one molecule drastically changes a local electrical resistance. Nanoribbons with specific electrical properties can be made of graphene to be used in interconnects. High optical transparency, mechanical strength and flexibility allow use of graphene in transparent conducting electrodes such as liquid crystal displays, organic photovoltaic cells and touchscreens.
THERMAL CONDUCTIVITY OF SINGLE LAYER GRAPHENE
Besides its outstanding electromagnetic and mechanical properties, graphene shows unique thermal characteristics. The room temperature thermal conductivity of graphene was discovered to be extremely high. 14 15 Recent experimental observations by Balandin et al. 14 suggested the graphene thermal conductivity to be within the range from 3080 Wm
. This values substantially exceed those of diamond (1000-2200 Wm −1 K −1 ) which to date is considered to be the best bulk thermal conductor. The values extracted for graphene are on the upper bound of those reported for carbon nanotubes or exceed them. At the same time one should keep in mind the ambiguity of defining the thermal conductivity for a single atomic layer due to the uncertainty of the atomic layer thickness. Outstanding heat transport properties of graphene make it a promising material for heat management for semiconductor devices and circuits. One can use ultrathin films of graphene as heat spreading components or embed graphene in some other materials to increase overall thermal conductivity. Moreover, if graphene is used as a material for interconnects, it not only allows faster gate switching, but also efficiently removes the heat from the regions of ultra high device integration.
The measurement of the graphene thermal conductivity 14 15 was preceded by investigation of its Raman spectrum. 16 In that experiment a single layer graphene was exfoliated from bulk graphite and placed on a silicon substrate covered with a film of SiO 2 . Using Raman spectrometer the graphene layer was excited with visible (488 nm) laser light, and the backscattering data were collected. A cold-hot cell operated using liquid nitrogen was able to control the temperature of the sample, which was varied from −190 C to 100 C. The position of the G peak in the spectrum was measured and found to be changing from ∼1584 cm −1 to ∼1578 cm −1 . The resulting G peak position distribution was fitted with the user-defined linear function
where the temperature coefficient = 0 016 cm −1 K −1 . The very fact that the G peak position strongly depends on temperature allowed for the designing and carrying out the experiment during which the thermal conductivity of graphene was measured for the first time (see Fig. 1 ). In that experiment a trench with the width of ∼2-5 m was made on the Si/SiO 2 substrate by reactive ion etching. The thickness of SiO 2 layer (the depth of the trench) was ∼300 nm. A single layer graphene flake was placed across the trench. Then the laser light from Raman spectrometer was focused in the middle of the suspended flake with the spot size of about 0.5-1.0 m. Large graphitic pieces were placed on top of the graphene flake at the distance of 10 m from the trench edges. Those graphitic pieces acted as heat sinks. The temperature of the heat sinks was constant and equal to ambient room temperature. Power from the laser light was dissipated in the flake. Due to the low thermal conductivities of air and SiO 2 it was reasonable to assume that the heat dissipation into the air and SiO 2 was negligible, so the heat was propagating laterally within the flake from the laser spot toward the heat sinks. Excitation power was controlled and varied, and the G peak position of the Raman spectrum was measured in regard to a particular value of the power. Thus the G peak position was extracted as a function of the power dissipated in graphene. Heat propagation in graphene occurs through conduction. Conduction is defined as a spontaneous transfer of thermal energy from a region with high temperature to a region with low temperature. Direct molecular (or atomic) interactions are involved in the heat conduction either within the same medium or between different media if they are in physical contact. The heat propagation in graphene is mostly due to acoustic phonons (atomic vibrations). 15 The law of heat conduction defines the time rate of heat transfer as
where Q/ t is the heat transfer rate, i. 
. This equation means that the heat transfer rate is proportional to the negative gradient in the temperature and to the area of the surface through which the heat is flowing. That surface is normal to the temperature gradient. This allows us to write the heat conduction equation as
where x is the magnitude of the unit vector normal to the surface through which the heat is flowing. The minus sign in the equation indicates that the temperature drops along the direction of the heat flow. We drop the minus sign from further equation transformations. To extract the thermal conductivity of single layer graphene the flake was thought to be a parallelepiped (a rectangle if viewed from top). The axes of Cartesian coordinate system are orthogonal to the surfaces of the flake. Thus
or
where P = Q/ t , which is equal to the heat power dis- . If the diameter of the laser sport is comparable to the width of the graphene flake, to simplify the solution, one can approximate the shape of the heat source into an infinitesimally thin line, the length of which equals the width of the modeled flake. A graphene layer has a thickness of one carbon atom plane (∼0.35 nm). Since it is rather thin, heating the top plane of the flake with the hot line can be seen as resulting in creating within the flake a uniformly hot surface normal to the flake's plane. The length of this hot surface is equal to W and the width of this surface is equal to 0.35 nm. If one cuts imaginarily the parallelepiped flake along the line of the heat source into two pieces (half-flakes), for each piece the heat can be seen as flowing into the half-flake through surfaces (intake surfaces). These surfaces both pass through three points: A 1 = 0 0 0 , A 2 = 0 W 0 and A 3 = 0 0 h (see Fig. 2 ). The plane that passes through the points A 4 = L 0 0 , A 5 = L W 0 and A 6 = L 0 h for one half-flake and the plane that passes through the points A 7 = −L 0 0 , A 8 = −L W 0 and A 9 = −L 0 h for the other half-flake are connected to heat sinks, so the temperatures of those planes (sink planes) are constant (note that 2L is the length of the flake). All other surfaces of the half-flakes are assumed to be perfectly insulated from the surroundings. If one considers the half-flake, the fact that (1) the halfflake has a parallelepiped shape, (2) one of the surfaces is thermally connected to a heat sink, and (3) all surfaces, except for the intake and sink planes, are thermally insulated leads to considering the temperature in the half-flake as linearly changing, thus we can replace the derivative dT /dx with T / x and write
In the Eq. (9) the dissipated power P is divided by 2, since the suspended graphene flake was heated in the middle and we considered the heat propagation as two equal and opposite flows going through the identical adjacent half-flakes (note that x = L). Changes in the dissipated power result in changes in the temperature of the intake
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where T s is the temperature of the heat sink. We can express the change in the power as
and the thermal conductivity as
The G peak position of Raman spectrum was found to be linearly dependent on temperature
where is the shift in G peak position in Raman spectrum, [m −1 ], and is the temperature coefficient,
. This allows one to write the thermal conductivity of the parallelepiped graphene flake as
During the experiment 14 15 the power variations P were relatively small. The G-peak position in the Raman spectrum was shifted linearly depending on how the dissipated power was changing. For the Raman spectrum with the excitation wavelength of 488 nm, the spectrometer power was varied from 0.5 mW to 4 mW. The G-peak position was found to be = 0 − P D (16) where = 1 226 cm −1 (mW) −1 and P D is the power of the spectrometer (detector). Only a fraction of P D can be dissipated in graphene:
where = 0 11-0.13. This was found through a special calibration procedure. 15 Finally the thermal conductivity of the parallelepiped (rectangular if viewed from top) single layer graphene flake can be expressed as
Equation (19) defines the thermal conductivity of the flake which has a rectangular shape. In reality, the flake's shape can deviate from a simple rectangle. In the experiments 14 15 the single layer graphene thermal conductivity was found to be in the range of 3080 Wm
to 5300 Wm
From these results the average temperature of a graphene flake was estimated to be ∼370-400 K.
SIMULATING HEAT PROPAGATION IN GRAPHENE
The experiment measured the thermal conductivity of graphene to be within a relatively wide range. During the derivation of the thermal conductivity two major assumptions were made among others (i) the shape of the flake was thought to be rectangular; (ii) the size of the laser spot was comparable to the width of the flake so that the spot was approximated to be seen as a line heat source producing a plane front of the heat. It is clear that the future experiments have to examine the effects of the flake's shape and geometry of the heat source on the measured value of the thermal conductivity. Such systematic studies might not only improve an accuracy of the thermal conductivity measurements but also help understand a picture of the heat propagation in graphene. Meantime, simulations can be performed to study the above mentioned affects. We simulated the heat propagation in single layer graphene and studied various shapes and heat sources. The main objective of the simulation was to model the heat propagation in graphene for different geometries of the flake and the heat source and to see whether the simulated values of the thermal conductivity fall within the experimental range. Also, simulating different geometries of the flake and the heat source allows us to study how they can affect calculations of the thermal conductivity. This eventually helps plan future experiments. We simulated the heat propagation in graphene using COMSOL Multiphysics software package.
17 COMSOL package is a finite element analysis tool and it has application-specific modules for various physics phenomena: AC/DC Module, Acoustic Module, Structural Mechanics Module, Heat Transfer Module and others. The finite element analysis technique is a numerical method for finding approximate solutions of partial differential equations. The solutions are mostly based on dividing the simulated object into a large set of very small components and linearizing the differential equations within each of the components.
To simulate the heat propagation in graphene we created three models which differ from each other primarily by types of the heat sources: (i) the model of the line heat source, (ii) the model of the disk heat source, and (iii) the model of the Gaussian heat source.
In COMSOL the design of the model involves several steps that include (1) object's geometry specification, (2) division of the object into subdomains, (3) description of every subdomain, (4) specification of subdomains' boundaries.
During the model design a COMSOL software user can specify the power of the heat source and the thermal conductivity of graphene. The temperature distribution in the flake is a result of the simulation runs. Thus any dependencies of the thermal conductivity can be studied only indirectly, since the thermal conductivity itself is the input for simulations. The simulation itself includes dividing (meshing) the modeled flake into an ensemble of flake's structural components and solving heat conduction equations for each component.
Model of Heat Propagation from a Hot Line Source
If the diameter of the laser sport is comparable to the width of the graphene flake, to simplify the solution one can approximate the shape of the heat source into an infinitesimally thin line, the length of which equals the width of the modeled flake. A graphene layer has a thickness of one carbon atom plane (∼0.35 nm). Since it is rather thin, heating the top surface of the flake with the hot line can be seen as resulting in creating within the flake a uniformly hot surface normal to the flake's top or bottom surfaces. The heated flake, which in COMSOL is called "the domain," is represented as a set of two identical subdomains, 1 and 2 (see Fig. 3 ). Each subdomain is a rectangular sheet with dimensions W × 2L × h. One subdomain is put into contact with another along one of its surfaces. This contact surface is a boundary with a heat flux directed inward normally to the sheet. The area of the contact surface is equal to Wh which is a product of the width of the sheet and its thickness. The boundary condition of the contact surface is specified using Fourier's law of heat conduction written in the form
where n is the magnitude of the unit vector normal to the contact surface of the subdomain and q 0 is the heat flux that enters the subdomain, [W/m 3 ]. In each subdomain the boundary that is opposite to the contact surface is specified as being kept at a constant prescribed temperature
where T 0 = 300 K is the room temperature. All other four subdomain's boundaries are defined as being completely insulated from the surrounding environment:
n · k T = 0 (22) i.e., the temperature gradient across the boundary is zero. This assumption simplifies the model but is reasonable. Graphene flake, besides being in contact with the heat sinks and being heated by the laser, can only interact with either air or silicon dioxide. Both air and silicon dioxide have thermal conductivities (0.024 Wm
and 1.28 W/m −1 K −1 , respectively) negligible if they are compared with the thermal conductivity of graphene, thus the heat propagation from graphene to either air or silicon dioxide can be ignored.
The heat propagation is modeled as two-dimensional. Due to the fact that the flake has just one atomic layer of arranged carbon atoms, and there are no interactions between graphene and air or silicon dioxide, the heat propagates entirely within the plane. In this model we can vary the power by assigning different values of the hot boundary heat flux (the cross-sectional area Wh is constant). Also, we can vary the thermal conductivity. The result of the simulation is a two-dimensional distribution of the temperature in the flake.
Model of Heat Propagation from a Hot Disk Source
During heating, the laser makes a sport on the graphene surface. The spot has a shape of a disk. The heat propagation in the graphene flake can be simulated considering this more realistic heat source. The areas within the laser spot are generally illuminated with different intensities. Also, there is no sharp edge between the spot and non-illuminated areas of the flake. Thus it is necessary to simulate the heat propagation with different radii of the spot to see how reduction of the size of the spot affects the heat conduction and whether the line source is indeed a good approximation for the laser spot. Since the flake is thin, heating the top plane of the flake with the hot disk can be seen as resulting in creating a uniformly hot cylinder embedded in the flake. For the hot disk source model the flake is described as a set of two subdomains, 1 and 2 (see Fig. 4 ). Subdomain 1 is a parallelepiped with dimensions W × 2L × h. Subdomain 2 is a cylinder that is embedded in the parallelepiped and has a specific diameter. The height of the cylinder equals the thickness h of the parallelepiped. The axis of the cylinder is normal to the surface of the parallelepiped with sides W and 2L and passes through the geometrical center of the parallelepiped. The difference between this model and the model of the line heat source is that one of the subdomains, namely the subdomain 2, plays the role of a heat generator. In other words, the subdomain 2 contains a heat source within.
The heat conduction in this model is described by the heat equation derived from Fourier's law:
where Q is the heat source, [W/m 3 ], which is defined as a heat energy generated within a unit volume per unit time.
The boundary between the subdomains 1 and 2, which is a "barrel" surface of the hot cylinder, is defined as a boundary with the continuous heat flux through it:
where n is the magnitude of the unit vector normal to the boundary between subdomains, q 1 is the magnitude of the flux of heat flowing out of the subdomain 1, and q 2 is the magnitude of the flux of heat flowing into the subdomain 2. The heat flux is normal to the "barrel" surface of the hot cylinder and is continuous across the boundary: the amount of the heat leaving the subdomain 2 per unit time per unit area equals the amount of the heat flowing into the subdomain 1 per unit time per unit area. The opposite end surfaces of the subdomain 1 are connected to heat sinks. These boundaries of the subdomain 1 are prescribed to be kept at a constant temperature
where T 0 = 300 K is the room temperature, like for the model of the line heat source. All other four boundaries of the subdomain 1 and "endcap" surfaces of the subdomain 2 are defined as being completely insulated from the surrounding environment:
Like in the case of the line heat source, for the model of the hot disk source the heat propagation is assumed to be two-dimensional.
The heat source equals
where P is the dissipated power and V is the volume of the subdomain 2.
We can vary the power P (the volume V of the subdomain 2 is constant) and the thermal conductivity. The result of the simulation is a two-dimensional distribution of the temperature in the flake.
Model of Heat Propagation from Gaussian Heat Source
The third considered heat source is Gaussian. It is interesting to investigate the case when the laser light intensity and the dissipated power follow the normal distribution. Due to a continuous nature of the Gaussian distribution, the heat source in this model cannot be isolated by boundaries. Neither the Gaussian source itself can be some boundary. Thus in this case, the flake is described as a single subdomain with a heat source within (see Fig. 5 ). Like in the case for the disk source, the heat conduction in this model is described by the heat equation: Here the heat source is defined as
where V is the volume of the subdomain. The dissipated power P follows the two-dimensional Gaussian distribution
where P peak is the peak power. Sigmas can be varied but, for simplicity of the model, are assumed to be equal = x = y . The volume of the subdomain has a constant value. The Gaussian distribution reaches its peak at the geometrical center of the flake. Like in the case of the line or disk heat sources, the heat propagation is assumed to be two-dimensional, thus the dissipated power is a function of x and y coordinates, but not of z.
The opposite end surfaces of the subdomain are connected to heat sinks. These boundaries of the subdomain are modeled to be kept at a constant prescribed temperature
where T 0 = 300 K is the room temperature, like for the models of the line and disk heat sources. All other four boundaries of the subdomain are defined as being completely insulated from the surrounding environment:
In this model the peak power P peak , the sigma and the thermal conductivity can be varied. The result of the simulation is a two-dimensional distribution of the temperature in the flake.
EFFECTS OF A SHAPE OF A FLAKE:
A LINE HEAT SOURCE First simulation runs were dedicated to the studies how much the deviation of the shape from that of a parallelepiped (a rectangle if viewed from top) changes the heat conduction in the flake. We considered the line heat source.
The following values were used as inputs for the simulation runs: (i) the power of the detector (spectrometer) P D : 0.5 mW, 1.0 mW, 1.5 mW, 2.0 mW, and 2.7 mW, (ii) the thermal conductivity of graphene: 3000 Wm
, and 5500 Wm By varying the input power and thermal conductivity we were able to extract a temperature profile for each shape. Simulated temperature profiles are shown in Figures 8-9 . The linearity of the heat source defines the linear front of the heat wave. Subsequently, linear temperature drop was observed in the Shape 1 flake from the excitation line to the surfaces connected to the heat sinks. It was found that only the Shape 6 mostly preserves the linearity of the temperature drop along the flake. Rounded ends of the Shape 5 result in non-linear behavior of the temperature. Also, in the Shapes 2, 3 and 4 the temperature decreases non-linearly from the excitation line to the ends. This is due to a constant change in the width of the flake; the width is not equal to the length of the excitation line everywhere but exactly at the excitation line. The plane heat front gets disturbed in the Shapes 2, 3 and 4, because the cross-section of the flake changes along the large symmetry axis, thus the area, through which the heat flows, changes from its original value (measured under the excitation line).
By studying a temperature profile for each shape one can analyze how the temperature at the excitation line (the maximum temperature) depends on the power of the detector for each studied shape. Figure 10 plots such functions. From the analysis of those plots we can conclude that (1) higher thermal conductivity of graphene results in lower maximum temperature, (2) when the power of the detector is small (0.5 mW) the maximum temperature is approximately same for all shapes, (3) an increase in the power of the detector corresponds to an increase of the maximum temperature; such increase of the temperature is more pronounced for flakes with lower thermal conductivities.
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We can also compare different shapes by analyzing their maximum temperatures for certain thermal conductivities. Figure 11 shows such analysis for flakes with the thermal conductivities k = 3500 Wm −1 K −1 and k = 5000 Wm −1 K −1 . For both cases, the highest temperatures at the excitation lines are reached when the flakes have geometries of the Shape 1, i.e., rectangular (viewed from top) shapes. Second to the highest value of the temperature is observed for the Shape 6. The lowest temperatures correspond to the "butterfly" Shapes 2 and 3 and the trapezoid Shape 4.
The thermal conductivity of single layer graphene was measured as
taking in consideration that the flake had a parallelepiped (rectangular if viewed from top) shape and the heat was transferring from a line laser source. The measurements were done without actually measuring the temperature at the excitation line, and both coefficients
and = / P = 1 226 cm
were set to be constant. In simulations both the power and thermal conductivity are input parameters, and the temperature at the excitation line has to be computed. We can study the function
where assuming that the temperature coefficient remains constant. The example of the simulated k = f −1 spectrum for the Shape 1 is shown in Figure 12 . Such spectrum gives an insight how a shape irregularity from a perfect rectangular form and an actual difference of the heat source from a line affect the measured thermal conductivity. In the experiments both functions of the G peak position versus the temperature and the G peak position versus the power were independent from the shapes of the flake and source. The shapes of the flake and source were taken into consideration when the thermal conductivity was derived. We can do an opposite task and use simulation results, together with the calculated spectrum k = f −1 , to find an expected value of the thermal conductivity for each type Fig. 11 . Maximum temperatures in the graphene flake for different shapes when the thermal conductivity is equal to k = 3500 Wm
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of shapes and sources. For example, referring to Figure 12 , having k = f −1 spectrum, we can choose the point = 1 226 cm −1 (mW) −1 and find the expected value of the thermal conductivity for the parallelepiped shape to be k = 4766 Wm −1 K −1 . Table I summarizes the simulation results of the heat conduction through the flakes of different shapes when the line source is used.
The table compares the surface areas of all shapes, the temperatures at the excitation lines (T max ) when the power of the detector equals 2 mW, and when the simulated thermal conductivity of the flake equals 5000 Wm −1 K −1 . Also, the expected thermal conductivities for different flakes are compared for a chosen parameter = 1 226 cm −1 (mW) −1 . From the presented data we can conclude that the heat conduction in the Shape 6 flake resembles the heat conduction in the Shape 1 flake. Both the maximum temperature and expected thermal conductivity for the Shape 6 are similar to those that correspond to the Shape 1. We might speculate that for the line source, when the heat waves form a plane front within the flake, the nature of the heat propagation is defined by the ratio of the flake's width to the flake's length and rectangularity of the flake. Viewing both the Shape 1 and Shape 6 from top, each of these shapes is essentially rectangular for a substantial distance from the excitation line, and the width of the rectangle is small compared to the length of the rectangle. Only at the "ends" of the rectangle, the Shape 1 is "modified" into the Shape 6 by increasing the width of the rectangle. Since those enlarged ends are connected to the heat sinks which are kept under an ambient temperature, the picture of the heat propagation is not changed much, thus the expected thermal conductivity and temperature at the excitation line are almost the same as for the case of an "unmodified" rectangle. Partially the above mentioned argument is supported by the fact that the Shape 5 also shows the maximum temperature and expected thermal conductivity to be close to those of the Shape 1. They are lower than for either the Shape 1 or the Shape 6, because the total area of the flake is reduced. Moreover, the width of the Shape 5 flake reduces fast at the ends of the flake, thus reducing the surface of the heat front that approaches the heat sinks. We can argue that both the Shape 5 and Shape 6 viewed from top to some extent resemble the rectangular shapes in areas of the flake which are near the excitation line, thus such flakes display the thermal characteristics similar to those of the "perfect" Shape 1 parallelepiped. The Shapes 2, 3, and 4 represent opposite phenomena when the shapes viewed from top are substantially different from a rectangle, particularly in the area near the excitation line. In our specific example, the areas of the Shapes 2, 3, and 4 are larger by 1.6 compared to that of the Shape 1. But both the maximum temperature and expected thermal conductivity are lower (the temperature is approximately 93% and the expected thermal conductivity is approximately 80% Table I . Effects of different geometries on the temperature and expected thermal conductivity when the line source is applied. Both the length L and minimum width W of the flake are kept constant. A is the surface area of the flake; A 0 is the surface area of the Shape 1 flake; T max is the maximum temperature when the excitation power is P D = 2 mW and the thermal conductivity of graphene is k = 5000 Wm −1 K −1 ; T 0_ max is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 , and the flake has Shape 1 geometry; k is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 ; k 0 is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the flake has Shape 1 geometry. of the temperature and expected thermal conductivity, correspondingly, of the Shape 1 flake). An increase of the flake's width (in average, and in some areas), and a constant change of the width along the large symmetry axis produce such an effect. The described simulations were done considering all shapes having the same lengths L and minimum widths W . Thus the surface areas of the flakes were different for Table II . Effects of different geometries on the temperature and expected thermal conductivity when the line source is applied. Both the surface area and minimum width W of the flake are kept constant. L is the length of the flake; L 0 is the length of the Shape 1 flake; T max is the maximum temperature when the excitation power is P D = 2 mW and the thermal conductivity of graphene is k = 5000 Wm −1 K −1 ; T 0_ max is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the flake has Shape 1 geometry; k is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 ; k 0 is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the flake has Shape 1 geometry. different shapes. We also performed similar studies, considering all shapes having the same surface areas and minimum widths W . For such simulation runs we varied the length L to adjust the surface area of any particular shape to that of the Shape 1. Figure 13 shows an example of the simulated maximum temperature as a function of the detector power for the flake that has the Shape 2 type, and which thermal conductivity is 5000 Wm
With the reduced L the temperature rises with the power not as fast as in the case of the original dimension L = 23 m. Table II summarizes the simulations of the heat conduction through the flakes of different shapes when the line source is used and when the surface areas and the minimum widths are fixed.
Only the flake of the Shape 5 has the length increased by 1.05 if compared with the Shape 1 parallelepiped. For all shapes both the maximum temperature and expected thermal conductivity are dropped. But such drop is minimal for the Shape 5, largely because the length is increased. The flakes that have geometries of the Shapes 2, 3, 4, and 6 have their lengths reduced to 63-65% of the original 23 m. The Shape 6 does not show significant reductions in the temperature and expected thermal conductivity due to rectangularity of this shape and still a small fraction W /L. However, the expected thermal conductivity drops as much as twice in the "butterfly" and trapezoid flakes (the maximum temperatures are 83-84% of the maximum temperature in the Shape 1 flake). 
EFFECTS OF A SHAPE OF A FLAKE: A DISK HEAT SOURCE
During the measurement of the thermal conductivity of graphene, the heat source was approximated to be the line source. It is interesting to investigate how good such an approximation was. In simulations we replaced the line heat source with a disk heat source. The diameter of the heated disk is taken as 0.5 m which is close to the diameter of the laser spot during the experiment. We considered the same six shapes of the flake and run simulations again varying the detector power from 0.5 to 2.7 mW and the thermal conductivity from 3000 to 5500 Wm −1 K −1 . As a result, temperature profiles and functions T max versus P D were extracted for each shape and the assigned value of the thermal conductivity. Figures 14-15 present the temperature profiles for each shape when the heat source has disk geometry. Figure 16 shows the maximum temperatures as functions of the detector power for particular values of the thermal conductivity. Inspection of the plots in Figure 16 allows us to state that the increase of the temperature, as the detector power increases, shows the trends very similar to those observed in the cases of the line sources. But, when the disk heat source is used, the maximum temperature rises faster, as the power increases. Table III summarizes the simulations of the heat conduction through the flakes of different shapes when the disk heat source is used. The detector power is assumed to be 2 mW and the thermal conductivity of the flake is assigned to be 5000 Wm
The flakes of different shapes have different surface areas, but the same lengths and minimum widths. If compared with the data in Table I , these results show that, when the hot disk source is used, the geometry of the flake influences changes in the maximum temperature in a very similar way, as when the heat source is a line. But the "butterfly" and trapezoid geometries of the Shapes 2, 3 and 4 have lesser effects on the expected thermal conductivity compared to the situation with the line source.
As in the case of the line source, the heat conduction in the Shape 6 flake most closely resembles the heat conduction in the parallelepiped Shape 1 flake.
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EFFECTS OF A GEOMETRY OF A SOURCE: A DISK AND GAUSSIAN HEAT SOURCES
It is interesting to see how the geometry of the heat spot affects the simulated heat conduction. To investigate this we can directly compare the heat conduction profiles for the line and the disk sources, vary the sizes of the disk spots or replace the disk laser spot with Gaussian heat source. Table IV provides a direct reference-comparison of the maximum temperatures and expected thermal conductivities for different shapes (P D = 2 mW and k = 5000 Wm −1 K −1 ). As it was mentioned, the maximum temperature slightly drops in all shapes when the geometry changes from a perfect parallelepiped. The percentage of the drop in the temperature in the case of the line heat source is almost identical to the percentage of such drop when the hot disk source is used. However, with the disk source the expected thermal conductivity is less dependent on the shapes than when the heat source is a line. Obviously, variation of the shape from a parallelepiped has a stronger effect when the heat waves travel in a line (plane) front. When the heat travels along the longer side of the flake, the propagation of the front is affected by how the width of the flake changes. But, when the source has disk geometry, the heat waves form a circular front, thus, at least in the areas near the source, the heat propagates independently of the shape of the flake. The data in the table supports the fact that in the cases of the line source and the "butterfly" or trapezoid shapes the heat propagation is strongly affected by the geometry of the flake.
Table V directly compares the maximum temperatures and the expected thermal conductivities extracted under the same conditions (P D = 2 mW and k = 5000 Wm −1 K −1 ) for the line and the disk heat sources. The very fact that the heat source has a disk shape results in increases in both the temperature and thermal conductivity. The temperature is increased by 7-10% and the thermal conductivity is increased by 22-34% when we change the model of the heat source from the line to the disk. It is interesting to see that the flakes that resemble parallelepipeds better (the Shapes 5 and 6) show less dependence on the geometry of the source. This effect is especially seen in the values of the expected thermal conductivity. While the disk 
heat source models for the Shapes 5 and 6 show 25-26% increases compared to the line source models, the expected thermal conductivity is increased by 29-34% in the "butterfly" and trapezoid flakes. The difference between the line and the disk heat sources is not so obvious if the flake resembles a parallelepiped and when the width W is small compared to the length L.
According to Table V , the expected thermal conductivities of the rectangular Shape 1 and the H-type Shape 6 are both higher than the thermal conductivity reported by the experiment. If during the experiment the dimensions of the flake were evaluated correctly, approximation of the disk source by the line source results in underestimation of the thermal conductivity during calculations. Moreover, such Table III . Effects of different geometries on the temperature and expected thermal conductivity when the disk heat source is used. Both the length L and minimum width W of the flake are kept constant. A is the surface area of the flake; A 0 is the surface area of the Shape 1 flake; T max is the maximum temperature when the excitation power is P D = 2 mW and the thermal conductivity of graphene is k = 5000 Wm −1 K −1 ; T 0_ max is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the flake has Shape 1 geometry; k is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 ; k 0 is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the flake has Shape 1 geometry. Table IV . Maximum temperatures and expected thermal conductivities for the cases of the line and disk heat sources. T max is the maximum temperature when the excitation power is P D = 2 mW and the thermal conductivity of graphene is k = 5000 Wm −1 K −1 ; T 0_ max is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the flake has Shape 1 geometry; k is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 ; k 0 is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the flake has Shape 1 geometry. a simulation result hints that the true value of the single layer graphene thermal conductivity is closer to its upper reported bound (5300 Wm −1 K −1 ) rather than to its lower bound (3080 Wm −1 K −1 ). We can also investigate how the sizes of the laser spots affect the simulated temperature and expected thermal conductivity. Figure 17 Figure 18 for the 0.05 m and in Figure 19 for the Table V . Direct comparison of the maximum temperatures and expected thermal conductivities for the cases of the line and disk heat sources. T max _line is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the line heat source is used; T max _disk is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the disk heat source is used; k _line is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the line heat source is used; k _disk is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the disk heat source is used. 5 m disk sources. Both plots suggest that this function is highly non-linear in the areas close to the center of the laser spot, but linearizes as the distance from the center of the spot increases. Figure 20 shows the maximum temperatures as functions of the detector power for chosen values of the thermal conductivity. The temperature increases very rapidly with the power in cases of small laser spots, 0.005 m and 0.05 m. Table VI illustrates the results of the simulated maximum temperature (P D = 2 mW and k = 5000 Wm −1 K −1 ) and expected thermal conductivity for different disk diameters. The Shape 1 was considered. It is seen that the reduction of the size of the spot leads to an increased maximum temperature and an increased expected thermal conductivity, but such increases are functionally weaker compared to the size modification. Reducing the size by a factor of 10 results in just 10% increase in the temperature and 26% increase in the expected thermal conductivity. Reducing the size by a factor of 100 leads to 18% increase in the temperature and 50% increase in the thermal conductivity. Increase of the size of the spot by 100 makes the temperature drop by 10% and the thermal conductivity drop by 26%.
According to the table the expected thermal conductivities for the 0.05 m and 0.005 m laser spots are unrealistically high. We might conclude that it is unlikely that the laser spots can be modeled as the spots with such small diameters. The model of the 5 m spot shows the expected thermal conductivity to be within the range reported by
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Subrina and Kotchetkov the experiment. Thus the large disk spot is not in contradiction with observations. Also, since the diameter of such a big spot equals the width of the flake, the front of the propagating heat in the flake will be predominantly linear, source as a disk with a distinct boundary can be replaced by the model of the heat source where the power follows Gaussian distribution. We considered two somewhat extreme cases. In the first case we assumed that, if the detector power distribution is normal, then the peak of the distribution equals the power in the model of the disk Table VI . Maximum temperatures and expected thermal conductivities for different sizes of the hot disk source. Shape 1 is considered. T max is the maximum temperature when the excitation power is P D = 2 mW and the thermal conductivity of graphene is k = 5000 Wm −1 K −1 ; T 0 5_ max is the maximum temperature when the excitation power is P D = 2 mW, the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the laser spot diameter is 0.5 m; k is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 ; k 0 5 is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the laser spot diameter is 0.5 m. source (i.e., 2 mW). We looked what the maximum temperature and the expected thermal conductivity would be if the sigma of the Gaussian equals half or one-third of the radius in the disk heat source model when the disk diameter equals 0.5 m. The results are shown in Table VII . When 2 = R, both the maximum temperature (measured under the condition that the thermal conductivity of graphene equals k = 5000 Wm −1 K −1 ) and expected Table VII . Maximum temperatures and expected thermal conductivities for different sigmas of Gaussian heat source. Shape 1 is considered. T max is the maximum temperature when the thermal conductivity of graphene is k = 5000 Wm −1 K −1 ; T 0 5_ max is the maximum temperature when the disk heat source is used, the excitation power is P D = 2 mW and the thermal conductivity of graphene is k = 5000 Wm −1 K −1 and the laser spot diameter is 0.5 m; k is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 ; k 0 5 is the expected thermal conductivity of graphene when = 1 226 cm −1 (mW) −1 and the disk source is used with the laser spot diameter 0.5 m.
Sigma measured in R = 0 25 m T max (K) T max /T 0 5_ max (%) k (Wm thermal conductivity are reasonably close to the reported values (the expected thermal conductivity is closer to the lower experimental bound). But, when 3 = R, both the maximum temperature and expected thermal conductivity demonstrate the values significantly lower than the values reported by the experiment.
In the second case we assumed that the volume integral of the laser power, which follows the Gaussian distribution, equals the volume integral of the power in the model of the disk heat source. Both volume integrals can be computed using polar coordinates r, and z: 
where R = 0 25 mm is the radius of the spot in the disk heat source model, P = 2 mW is the power of the detector in the disk source model, P peak is the peak power of the detector in the Gaussian heat source model. We studied the case when = R/3. Solving the Eq. (38) allows one to find the peak power P peak , which approximately equals 4.5 mW. Then we found that the maximum temperature (assuming the thermal conductivity of graphene equals k = 5000 Wm −1 K −1 ) and the expected thermal conductivity of the flake are equal to 487.78 K and 6136.99 Wm −1 K −1 , correspondingly. As it is seen, in this model the expected thermal conductivity exceeds the reported values.
SUMMARY
It was also recently reported 14 15 that graphene is an excellent conductor of heat with the room temperature thermal conductivity values on the order of or exceeding those of carbon nanotubes. The measurements of thermal conductivity of graphene utilized a non-contact optical technique where the excitation laser initiated a heat wave propagating through graphene flake toward the heat sinks. The experimental data extraction procedure assumed a plane heat wave front. Realistic graphene flakes have variation in their width, and the heat wave front may deviate from the plane wave depending on the geometry of the flake and ratio of the laser-spot diameter and the flake width. In this work we performed detail simulation study of heat propagation in graphene flakes of various shapes. The simulations were carried out using the finite-element method with the help of the COMSOL software. The structure parameters, heat sources and boundary conditions were selected to closely correspond to those reported in the experiments. 14 15 The generated fine meshes allowed us to study heat conduction with high accuracy and obtain accurate temperature profiles. We focused on the effects of the shape of the flake on the obtained value of thermal conductivity for the fixed amount of the dissipated power in the middle of the suspended graphene.
It was found that both the shape of the flake and the selected temperature distribution in the hot spot (liner source vs. point source; uniform vs. Gaussian) affect the extracted values of thermal conductivity. At the same time, for the flakes with the relatively constant width and the hot spot of the size comparable to the flake width, the thermal conductivity extracted within the simple plane-wave approximation give close values to our simulation results. The very high values of the thermal conductivity of graphene, in excess of ∼3000 W/mK, are beneficial for the electronic and thermal management applications of graphene. It is also interesting to point out that carbon-based materials, depending on their atomic structure and amount of disorder, can be both exceptional thermal conductors, like graphene and carbon nanotubes, and thermal insulators, like amorphous diamond or diamond-like carbon. 18 19 The developed simulation procedure can be further used for investigation of thermal transport in graphene multi-layers and graphene-heat sink structures. The latter is required in order to assess the feasibility of application of graphene multi-layers for the lateral hot-spot removal and other device-level thermal management applications. 20 Due to the increasing dissipation power density, switching speed and thermal resistance of the multi-layer structures, the device-level thermal management becomes important not only for conventional electronics but also for magnetic memory, 21 logic elements with alternative state variables, 22 three-dimensional and reconfigurable architectures 23 and optoelectronic devices. 
